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Abstract. Scheduling problems have been studied for a long time in
Constraint Programming (CP). As the constraints used to model such
scheduling problems are often NP-hard to filter, various relaxation mechanisms (typically, to prune time interval variables) have been imagined
and still continue to be proposed. An example of such constraint is the
cumulative constraint, for which fast and strong filtering algorithms
have been conceived during the last two decades, which has permitted to
greatly improve constraint-based scheduling solvers [23]. In this paper,
we introduce a simple approach to further enhance the filtering process
of scheduling problems, in general, by relying on redundant table constraints. The idea is to compile all solutions of an abstract version of the
problem to be solved as a redundant table constraint. To cope with the
possibly prohibitive size of the generated table, solutions are collected
on task views at a coarser temporal granularity. Another important ingredient to control the size of the redundant table is to only consider a
subset of the tasks, for instance, those that are critical according to a
heuristic criterion such as the energy. Interestingly, this approach can be
easily integrated in constraint solvers and is totally compatible with any
existing filtering technique (propagators of the cumulative constraint,
lazy-clause reasoning, . . . ). Our experiments on Resource-Constrained
Project Scheduling Problem (RCPSP) show that this simple approach
can effectively reduce time solving despite the preprocessing stage needed
to build the redundant table constraint.
Keywords: Scheduling · Table constraint · Relaxation
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Introduction

The success of CP on scheduling problems comes from the combination of global
filtering algorithms to prune the search tree and specialized heuristics to exhibit
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good-quality solutions quickly. During the exploration of the search space, filtering algorithms are repeatedly applied (possibly, thousand times) at every step
(node of the search tree). The two required qualities for a filtering algorithm
is its strength (amount of inconsistent values that it is able to remove) and its
speed. Those objectives are in general conflicting, especially for the cumulative
constraint known to be NP-complete in general [4].
The cumulative constraint [1] is a key ingredient for modeling and solving
many real-world scheduling problems with Constraint Programming (CP). It
allows modeling a capacity limit on some resources required by some tasks (or
activities). More precisely, it ensures that at any time, the resource consumption
of the overlapping tasks do not exceed the resource capacity. This constraint appears in application domains such as manufacturing [34], production scheduling
[17, 37], space operations planning, . . . Regarding the strength and the speed
of the cumulative, a compromise is obtained by using polynomial filtering algorithms based on some relaxation mechanisms, among which timetabling [14],
edge-finding [28, 41, 21], energetic reasoning [9], not-first/not-last [36, 35, 20] or
disjunctive reasoning [15] are often used. Energetic reasoning interestingly subsumes most of the other rules ((extended) edge-finding, timetable edge-finding
[41]) but not the not-first/not-last and disjunctive reasoning rules.
Another kind of constraints that is frequently used when modeling combinatorial problems in CP is the table constraint [25, 26, 30, 8, 42]. This constraint
allows us to express any relation as a list (table) of tuples; any constraint can
thus be theoretically encoded under this form. There is, however, a practical
limitation: the size of the tables may grow exponentially with respect to the
number of involved variables.
In this paper, our primary goal is to exploit table constraints in order to enhance the filtering process of scheduling problems (typically involving cumulative
constraints). This process is partly inspired by tabling techniques [7], which replace targeted subsets of constraints with their corresponding precomputed sets
of solutions. In our approach, for a given problem instance, a redundant table is generated and posted: the introduced table does not completely replace
some specific parts of the model but instead represent the solutions of a relaxed
(abstract) version of the instance. We show the interest of our approach with
some practical results obtained on some representative instances of the ResourceConstrained Project Scheduling Problem (RCPSP), taken from the BL set [3]
and PSPLib [22].
The paper is organized as follows. Some technical background is first introduced, before describing our general methodology. Then, we present some
experimental results before concluding.

2

Technical Background and Related Work

A Constraint Satisfaction Problem (CSP) is specified by a triplet P = (X, D, C)
where X is a finite set of variables, D a set of finite domains, one for each
variable, and C a finite set of constraints. A CSP solution is the assignment
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of a value to each variable (from its domain) that satisfies each constraint. A
Constraint Optimization Problem (COP) is defined by a tuple P 0 = (X, D, C, z)
where (X, D, C) is a CSP and z : X → R is an objective function to be minimized
or maximized. A COP solution is a solution of the underlying CSP; it is optimal
if there is no other solution with a better value for the objective.
Scheduling problems are combinatorial constrained problems that are ubiquitous in industry. Many methods have been proposed to improve the solving
process of such problems, among which, there are some strong filtering algorithms combining advanced data structures (Θ-tree [40], timetabling [41], Profile
[18]) with the classic edge finding rule [28, 41, 21]. The decomposition of resource
constraints was also proposed in [32] to enhance the search, the lazy clause explanation of various filtering rules was suggested in [33, 31], and an original approach
based on the use of Multi-valued Decision Diagrams (MDDs) has been shown
to reduce successfully the search tree of scheduling problems [5]. Importantly,
propagation alone is usually not sufficient to solve problem instances, and so,
it must be combined with some good heuristics to select variables and values
during the search (when taking decisions). In [13], it was shown that Conflict
Ordering Search (COS) is an adequate search scheme for scheduling problems.
Recently, auto-tabling has been proposed in [7] to reduce the size of search
trees. The idea is to compile a sub-problem that involves only a few tightly
constrained variables under the form of a table constraint. Although it suffices
to solve a CSP with the specific constraints, the size of the sub-problem must be
adequately controlled in order to limit this compilation pre-processing stage. An
automatic discovery of such interesting sub-problem has been proposed in [2].
Compilation alternatives have been proposed in [27] and [39], where regular
constraints and mdd constraints4 , are respectively generated instead of table
constraints.
Precedence and resource constraints are generally the main components of
scheduling problems. The complete tabling of a sub-problem involving the temporal original variables does not seem appropriate because the domain sizes are
usually large; the size of the generated table is consequently prohibitive. It is
then necessary to think about a form of temporal abstraction: introducing new
abstract variables to reason with a coarser temporal granularity, before generating a table based on these new variables. Contrary to tabling, the computed
table must be added as a redundant constraint since the table is based on a
relaxation of the problem (and does not represent the solutions of a specific
sub-problem). This is the methodology we use in this paper. It is related to abstraction techniques that have been introduced in the literature [19]. However,
in our approach, we do not reason with separate abstraction levels, as e.g., in
[11, 12].
In some respects, the method we propose combines several points of view,
but from an abstraction perspective. This is related, although rather different,
from [6] where the authors aim at combining model viewpoints for the same
4

based on Multi-Valued Decision Diagrams (MDDs), and more generally, formulas in
Deterministic Decomposable Negation Normal Form (d-DNNFs)
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problem. In their paper, they combine several (partly redundant) models, which
are linked by channeling constraints; this idea is further developed in [24] where
a redundant model is introduced using model induction, model channeling, and
model intersection.

3

Methodology

To prevent combinatorial explosion, in our context of generating a (redundant)
table constraint associated with a scheduling problem, we first perform some abstraction of the involved temporal variables by means of a parameter κ, which is
a positive integer. The time horizon 0..H, where H is a pre-computed time upper
bound, is then partitioned into a sequence of κ time intervals of similar size. More
precisely, if H + 1 is a multiple of κ, then with σ = (H + 1)/κ the successive time
intervals are: T IκH = h[0..σ − 1], [σ..2 ∗ σ − 1], . . . i. In case H + 1 is not a multiple
of κ, some time intervals (the first ones) are 1 time unit greater than the others.
For example, if κ = 4 and H = 13, then T IκH = h[0..3], [4..7], [8..10], [11..13]i.
Reasoning with these intervals (hence, at a coarser temporal granularity) will
allow us to build redundant abstract tables of reasonable size.
Once the temporal abstraction is made, we can introduce some abstract
temporal variables. For simplicity, assume that hs1 , s2 , . . . , sn i are the temporal variables involved in a scheduling problem: each variable si represents the
starting time of a task i, and is such that dom(si ) = [0..H]. We then introduce
hsa1 , sa2 , . . . , san i with dom(sai ) = T IκH after having chosen a value for κ. Of course,
we need to link original (concrete) variables with the new abstract ones. This is
made possible by introducing binary channeling constraints: for each i, we have a
constraint involving si and sai that is satisfied iff the value assigned to si belongs
to the time interval assigned to sai . Technically, such channeling constraints can
be defined extensionally, i.e., using a table constraint.
Finally, a table constraint is defined on hsa1 , sa2 , . . . , sar i; the table is generated
by collecting all solutions that can be found for the abstract temporal variables
within the context of the original problem. More specifically, an easy way to create the table is to consider the initial set of constraints, to add the down-scaled
views of the tasks (i.e. the abstract temporal variables) with the corresponding
channeling constraints, and to branch only on these abstract down-scaled variables. This table constraint can then be posted to the constraint network, and
used as a redundant constraint.
Note that an upper bound for the horizon can be initially computed by
various means, for example by considering the first feasible solution obtained
by diving left in the search tree. Concerning the granularity of the abstraction,
where the activity views are given at a coarser level, an example for a scheduling
problem, where the time unit is initially the hour, corresponds to a down-scaled
view considering now the day as the schedule’s time unit, significantly reducing
the possible number of values to branch on. One can use various time partition
schemes to create the down-scaled views of the original activities: this can be
regular (as defined earlier) but this can also be problem specific (some time
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intervals being quite larger than others, due to the structure of the problem
such as lot of short tasks preceding longer tasks, and/or some temporal variables
being not abstracted). For generality’s sake, in our experiments, we have only
considered a regular time partition systematically applied to all activities.
The final search tree branches only on the initial variables of the problem.

4

Experimentation

We have conducted some experiments on the Resource-Constrained Project
Scheduling Problem (RCPSP). In a RCPSP instance, a finite set of n tasks
(or activities) T is executed with the help of a finite set of m resources R. Each
resource r ∈ R has a finite capacity Cr , and each task i ∈ T has a starting
time si , an ending time ei , and is executed without interruption during pi units
of time (i.e. we have si + pi = ei ) while using cir units of each resource r.
The limited capacity of a resource r is enforced with a cumulative constraint:
Cumulative({(si , pi , ei , cir ) | i ∈ T }, Cr ). An acyclic network of precedence restrictions between tasks is also given. Each precedence is given by a pair (i, j)
meaning that the task i must precede the task j; the task j can only start after
the end of the task i (i.e., we have ei ≤ sj ). Finally, all tasks should end before a
given specified time called the horizon h. Two special tasks, with id 0 and n + 1,
with a duration of 0, are used as starting and ending tasks of the project. The
task 0 precedes all the tasks while the task n + 1 succeeds all of them.
Figure 1 shows an example of the application of our approach. Looking at the
generated redundant table constraint, Figure 1d, one can see that the domain
of the variable sa3 is directly reduced (and so, by channeling, the domain of the
original variable s3 is also reduced).
For analyzing the results of our experiments, we have used performance profiles based on performance ratios introduced by [10]. For a given set of problems (instances) P and a set of solvers S, if mp,s is the measure (time,...) computed for the solver s on problem p, then the performance ratio is defined by
m
rp,s = min p,s
mp,i . The performance profile of a set of solvers s ∈ S on a set of
i∈S

problems P is a cumulative distribution of the speedup performance compared
to the other solvers of S on P : ρs (τ ) = |P1 | × |{p ∈ P | rp,s ≤ τ }|.
4.1

Settings.

This section indicates which parameter values were used in our experiments so
as to make our results reproducible. Our code is available publicly5 and is based
on the publicly available Oscar solver [29].
Benchmarks. In our experiments, we have used two well-known series of instances: J30 and J60 (480 instances each, from the PSPLib library [22], composed of 30 and 60 tasks). The series of instances BL20 and BL25 were also
5
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(d) Illustration of an optimal solution (corresponding to relaxed solution
τ1 ). Starts of activities t1 , t3 , t4 and t5 belong to T I0 while start of activity
t2 belongs to T I1

Fig. 1: Illustration of the methodology with a simple instance composed of 5
tasks and 2 resources (whose respective capacities are 2 and 3); t0 and t6 are
the starting and ending special tasks. The horizon is 9, and the value κ chosen
for the temporal abstraction is 2 so that we get T I = h[0..4], [5..9]i. The new
(abstract) temporal variables sai have {0, 1} as domain allowing us to index the
two intervals in T I. The redundant table constraint that can be generated with
our approach is given by Figure 1d; note that τ1 and τ3 leads to optimal solution
with a horizon of 8, whereas the other tuples lead to solutions with a horizon of
9.
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considered (20 instances each, from [3], with 20 and 25 tasks). As they take less
than 2 seconds to be solved by the baseline model (i.e., they were too easy to
solve), an improvement on these is not significant.
Baseline Solving. As a baseline, we have used two ways of solving the RCPSP
instances on the basis of the initial model (i.e., without abstraction): Base-M,
which uses the medium filtering level available in Oscar, and, Base-S, which
uses the strong(est) one. The medium filtering algorithm combines TimeTable
[14], TimeTable Disjunctive Reasoning [16] and TimeTable Edge Finder [31]
(without explanation). The strong one adds Energetic Reasoning [9]. For exploring the search space, we have used conflict ordering search [13]. Note that all
easy instances have been discarded, that is, the instances requiring less than 2
seconds to complete with the baseline model.
First Solution. The initial horizon used to compute the redundant table constraint is set with the left-most first feasible solution that can be found with the
Base-M model.
4.2

Case 1: Considering All Tasks
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(b) J60, strong filtering

Fig. 2: Performance profiles for Case 1.

In our first experiment, a redundant table is generated while considering all
tasks involved in the instance to be solved; this approach is denoted by Full-φ-κ

8

H. Verhaeghe et al.

where φ ∈ {M, S} is the chosen level of filtering (medium or strong), and κ is
the temporal granularity (tested with values 2 and 3). Note that for the J60
instances, the arity of the generated tables is thus equal to 60. The methodology
we apply is as follows: Step 1: the initial Base-M model is used to find a first
solution; Step 2: the redundant table is generated, using Base-S (or -M) model
with, additionally, the down-scaled new (abstract) variables and channeling constraints (the search process focusing on those additional variables); Step 3: the
redundant table is added to Base-S (or -M) model to find an optimal solution.
The time is measured as the methodology total time (i.e., the time to do the
three steps).
The results that we have obtained with the strong level of filtering for the
J30 and J60 instances are given by Figure 2, which clearly shows that computing
full redundant tables (i.e., tables involving all tasks) significantly increases the
total time needed to prove optimality. The impact is even higher on the second
data set that involves more tasks (J60), which then suggests, unsurprisingly, that
controlling the arity of the tables is important. The results for the medium level
of filtering lead to the same conclusion. Hence, we propose to refine the approach
by only keeping the most critical tasks when generating redundant tables. Critical tasks are the ones that are not easy to set inside the schedule, because,
for instance, they consume more resources and/or are involved in many precedence restrictions. Less critical tasks are more easily set, and, as a consequence,
contribute to increasing the size (number of tuples) of the tables without any
substantial filtering gain. Therefore, in our next experiment, such non-critical
tasks will be discarded when generating redundant tables. Note that a similar
technique is used in [38], where the authors select the most critical rectangles
(to be packed), generate solutions for them, and finally integrate the remaining
rectangles to form complete solutions.
4.3

Case 2: Considering a Fixed Number of Tasks

In our second experiment, a redundant table is generated while considering only
a fixed number K of tasks; this approach is denoted by Fixed-φ-K-κ where κ has
again been tested with values 2 andP3. The chosen tasks are the K tasks with
the highest total energy values (pi · r∈R cir ). Tested values for K are 5, 7, 10,
and 15 for the J30 instances and 5, 10, 15, and 20 for the J60 instances.
Starting with Base-S and the J30 instances, one can observe in Figure 3a that
the best combinations of parameters are for K-κ equal to 5-2, 7-2, 10-2 and 5-3,
which are rather competitive with Base-S. In Figure 3b, Base-S is compared with
the virtual best method (vb) built from all tested combinations of parameters
K-κ; vb simulates an approach where every instance would be run with its bestsuited parameters. Figure 3c shows a similar comparison with Base-M. This
shows that our approach has the capability of solving some instances, unsolved
when baseline solving is used, within the timeout.
On the 60 instances (Fig. 4a), the runtime is improved by one of our parameter combinations on 50% of the instances as shown in Fig. 4b (as both curves
start at around 0.5). A more thorough examination of the results shows that our
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Fig. 3: Performance Profiles for Case 2, J30 benchmark.

methodology is better on 70% of the instances, with the strongest propagator,
when the optimal solution is not the first solution found. Fig. 4c shows Base-M
combined with vb: we can see an improvement for almost 60% of the instances.
This improvement is even better when only considering the instances for which
the optimal solution is not the first one found by the solver.
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Fig. 4: Performance Profiles for Case 2, J60 benchmark.

4.4

Case 3: Iterative Table Generation

For our third experiment, a time budget as well as a maximum arity are given as
limits during table creation. The table is built in an iterative manner, gradually
augmenting the set of tasks. In addition, at step (iteration) i, the table from the
previous step i − 1 is already added to the model. The table creation process
stops when the time is consumed or the maximum arity is reached. The last
completed table is then used as a redundant constraint.
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We tried with the following combinations of parameters on the J60 set: a
maximum of 10 seconds allowed for creating the table, a maximum of 5, 10, 15
or 20 tasks per table, and κ set to 2. The iterative approach improved the solving
time for 7% of the instances, compared to Base-S, and 65% of the instances, compared to Base-M. The parameters achieving this improvement were 10 seconds
with 5 activities maximum. This corresponds to more difficult instances where
even a small relaxed table is complicated to compute in a reasonable amount of
time.
4.5

Global Comparison and Complementary Results

A comparison between Base-S, Fixed-S-vb (Case 2) and Iter-S-vb (Case 3) is
displayed in Figure 5c for the J60 series. As one can see, the new approach
improves resolution time for around 50% of the instances; most of them were
improved when considering a fixed number of tasks. Compared to Base-M, still
for the J60 series (Fig. 5b), the improvement is observed on 70% of the instances.
Finally, for the J30 series (Fig. 5a), compared to Base-S, 80% of the instances
benefits from the technique.
Figure 5d shows the speedup of vb (virtual best) when measuring only the
step 3 of our approach (i.e., the time to prove optimality without the time
to compute the redundant table). As it can be seen, the redundant constraint
almost always contributes improving the solving time. This convinces us that
investigating new (automatic) mechanisms for identifying the best tradeoff could
be worthwhile. This precomputation step (of generating a redundant table) can
also be perceived as being mainly offline in some contexts where the problem
instances slightly change, and a form of reoptimization is simply needed. The
precomputed table on the stable part of the model could be reused for a series
of similar instances in such cases.

5

Conclusion

We have proposed a methodology for improving the filtering capability of scheduling problems by compiling all solutions of an abstract view of (a subset of) tasks
under the form of redundant table constraints. Several mechanisms to control
the time required for precomputing such tables have been presented: reasoning
on task views at an appropriate temporal granularity, selecting only the most
impacting tasks, and incrementally creating tables with a time budget. Interestingly, the proposed methodology is rather generic and ready to use in any
constraint solver. We have applied this methodology to the RCPSP, showing
promising results.
This work must be perceived as a proof of concept, showing that global
redundancy controlled by abstraction can pay off. Our approach is a kind of hybridization between well-known techniques of redundant modeling and abstraction reformulation. As a future work, we plan to investigate how to automatically
tune parameters so as to find the best trade-off between precomputation time
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Fig. 5: Global comparison and evaluation of the last step

and filtering gain (machine learning techniques could be useful), and, of course
to test our approach on other problems.
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