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—— Abstract

We show how several graph problems (e.g., vertex-cover, independent-set, k-coloring) can be encoded
into CNF using only O(|V|?/1g|V|) many clauses, as opposed to the Q(|V|*) constraints used by
standard encodings. This somewhat surprising result is a simple consequence of a result of Chung,
Erdés, and Spencer (1983) about biclique coverings of graphs, and opens theoretical avenues to
understand the success of Bounded Variable Addition (Manthey, Heule, and Biere, 2012) as a
preprocessing tool. Finally, we show a novel encoding for independent sets in some dense interval
graphs using only O(|V|1g|V|) clauses (the direct encoding uses Q(]V|?)), which we have successfully
applied to a string-compression encoding posed by Bannai et al. (2022). As a direct byproduct, we
obtain a reduction in the encoding size of a scheduling problem posed by Mayank and Mondal (2020)
from O(NMT?) to O(NMT + MT?1gT), where N is the number of tasks, T’ the total timespan,
and M the number of machines.
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1 Introduction

Using a more compact CNF encoding can make the entire difference between a combinatorial
problem being solvable (even in many CPU years) and it being intractable [16,17,31,33,34].
However, besides a few very general principles [6,29], it seems that the “art of encodings” is
still mostly explored through problem-specific ideas, and it is not clear how to systematically
obtain smaller encodings for combinatorial problems. Furthermore, lower bounds on the size
of encodings have been elusive, with very few exceptions on relatively simple constraints
such as Parity [10] or At-Most-One [22], making it difficult to predict whether the direct
encoding for a given problem is already optimal or not.

In this article, I will show that several standard graph problems can be encoded more
efficiently than through their direct formulation, and more importantly, that the tools used
can shed light into theoretical questions about encodings.

As a representative example, consider first the independent set problem. The input is a
graph G = (V, E), together with an integer k, and the goal is to find a subset of the vertices
S < V such that (ij) N E = @ (i.e., no two vertices in S are neighbors) and |S| = k. The
“direct encoding” is thus to create, for each vertex v € V| a variable z,, representing whether
v € S. Then, the direct encoding consists of enforcing the independent-set property
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and then the cardinality constraint ). _,, x, = k. While cardinality constraints are known
to admit compact encodings with O(n) clauses [32], and even arc-consistency in O(nlg?n)
clauses [2], Equation (1) amounts to ©(|E|) clauses, which is Q(|V|?) for dense graphs.

Our first contribution (in Section 2) is to show that this encoding can be improved to
O(|V|?/1g|V]) clauses, and consequently, that several structurally similar graph problems
can be encoded compactly as well:

» Theorem 1 (Informal). The independent set, vertex cover, k-coloring, and clique problems
can be encoded into CNF using O(|V|?/1g|V|) many clauses.

This result improves upon an idea of Rintanen [30], and then Ignatiev, Morgado, and
Marques-Silva [19], who used clique coverings to encode the independent-set property by
observing that, for any clique K; of G, at most one vertex of the clique can be part of .S,
which can be encoded using O(t) clauses as opposed to the Q(#2?) clauses used by Equation (1).
However, as the authors themselves note, this idea is not enough to obtain an encoding
with o(|V']?) clauses in all graphs, since for example a complete bipartite graph has Q(|V|?)
edges and yet not cliques of size larger than 2. We overcome this limitation by using biclique
coverings of graphs, leveraging the fact that any graph with Q(|V]?) edges must contain a
biclique K;; with ¢t = Q(lg|V]) [8].

Then, in Section 3, we compare more in detail the biclique covering framework with
the clique covering framework of Ignatiev, Morgado, and Marques-Silva [19] as well as with
Bounded Variable Addition (BVA) [23], a successful preprocessing technique for reducing
encoding sizes. As a cornerstone of this comparison, we study in Section 4 how to encode that
a selection of intervals [i, j] for 1 < i < j < n is pairwise disjoint, i.e., that no two intervals
overlap. This corresponds to encoding the independent-set property of a corresponding
interval graph Z,,. We show that, despite the fact that |E(Z,)| = Q(n%), it is possible to
obtain a much more compact encoding.

» Theorem 2 (Informal). The independent-set property of the interval graph I, can be encoded
into CNF using O(n?1lgn) clauses.

We show that this is more efficient than what is obtained via either the clique covering
framework or the biclique covering framework. Moreover, we show that while BVA can
obtain a more compact encoding in terms of the number of clauses (experimentally, since
we do not have a theoretical guarantee), the structured encoding we present works better
in practice. This is reminiscent of the idea of Haberlandt, Green, and Heule for Structured
Bounded Variable Addition (SBVA), which ended up winning the SAT competition 2023 [15].

1.1 Notation and preliminaries

We will use T and L to denote true and false, respectively. The negation of a variable x is
denoted T, and a literal is either a variable or the negation of a variable. Literals x and T
are said to be complementary, for any variable x. A clause is a set of non-complementary
literals, and a formula is a set of clauses (we will thus identify A with U when operating
over clauses, and ¢1 v ¢5 with {¢1} U {2} when operating over literals). The size of a formula
is simply its number of clauses. We denote the set of variables appearing in a formula F
as Var(F'). Given a set V of variables, an assignment is a function 7 : V — {1, T}. For a
variable z € V, we say 7 =z if 7(x) = T, and similarly, 7 |= Z if 7(z) = L. For a clause
C,wesay 7 =Cif \/£eCr = C, and a for a formula F, 7 = F if A7 = C. When
writing this, we assume implicitly that Var(F) € V. For an assignment 7:V — {L, T} and a
formula F, now with V ¢ Var(F), we denote by F|, the formula obtained by eliminating
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from F' each clause satisfied by 7, and then from each remaining clause eliminating every
literal ¢ such that 7 |= £. Note that Var(F|,) = Var(F)\V. We will write SAT(F) to say that
7 k= F for some assignment 7, and UNSAT(F)) to mean that no such assignment exists.

2 Subquadratic Encodings through Biclique Coverings

2.1 Clique Covering Encodings

Arguably, the At-Most-One constraint (AMO) for variables 1, ..., x, is the most elemental
example of an encoding whose direct formulation can be asymptotically improved. The naive
formulation, often referred to as the pairwise encoding, is simply

AMO(z1, ..., xy,) = /\ (T v T5),

1<i#j<n

using (g) clauses, analogously to the dense case of Equation (1). On the other hand, several
formulations using O(n) clauses are known [27,36]. The most compact is Chen’s product
encoding, which uses 2n + 44/n + O({/n) clauses [7], and is essentially tight [22]. We will use
notation AMOpg(z1,...,z,) to denote the formula resulting from Chen’s product encoding
over variables z1,...,z,.] As noted by Ignatiev, Morgado, and Marques-Silva [19], we can
interpret this result as saying that “the independent-set property can be encoded in O(n)
clauses for a complete graph K, ”. Let us now formalize what this means.

» Definition 3 (Encoding the ISP). Given a graph G = (V, E), a set of variables X = {x,, |
v €V}, and a potentially empty set of (auziliary) variables Y = {y1,...,ym}, we say that a
formula F with var(F) = X uY encodes the “independent-set property” (ISP) if for every
assignment 7: X — {1, T},

SAT(F|;) < {veV |71(x,) =T} is an independent set of G.

The trivial observation now is that for a complete graph K, a subset S € V(K,,) of its
vertices is independent if and only if |S| < 1, and thus AMOpg(V(K,,)) encodes the ISP of
K, with O(n) clauses. Note that we have written AMOpg(V (K,)), identifying each vertex v

with a corresponding variable x,, and will do this repeatedly to avoid cluttering the notation.

To extend this idea to more general graphs, Ignatiev, Morgado, and Marques-Silva
used clique coverings: a “clique covering” of a graph G is a set {C1,...,Cyp,} of subgraphs of
G, each of which must be a clique, such that every edge e € E(G) belongs to some subgraph
C;. That is, |J*, E(C;) = E(G). We thus define a clique-covering-ISP (CC-ISP) encoding
as follows:

» Definition 4 (CC-ISP encoding). Given a graph G, and a clique covering C of G, the formula

Fo = /\ AMOpe(V(C))
CeC

s said to be a “CC-ISP encoding” for G.

Note that the number of clauses of F¢ is [F¢| = X oce f(IV(C)]), where f(n) is the number
of clauses used by AMOpg over n variables, and thus f(n) = O(n).

1 We will rather arbitrarily use Chen’s product encoding throughout this section, but any encoding using
a linear number of clauses would work as well.
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ModRef 2025



23:4

Asymptotically Smaller Encodings for Graph Problems

» Lemma 5 (Implicit in [19]). Any CC-ISP encoding Fe for a graph G indeed encodes the
independent-set property (see Definition 3) for G.

Proof. Let T be an assignment of the variables {z, | v € V(G)}, and S, = {v € V(G) |
7(z,) = T}. Now, assume S, is an independent set of G. As the intersection of any
independent set and a clique has at most one vertex, we have |S, n V(C)| < 1 for every
C € C, and thus Fg¢|, is clearly satisfiable. Conversely, if S; is not an independent set of
G, then some edge e = {u,v} of G has |S, n e| = 2, but by definition of clique covering,
e € E(C) for some C € C, and thus e € V(C'). But this implies |S; n V(C)| = 2, and thus
the subformula AMOpg(V(C))|, is already unsatisfiable, implying F¢|, is unsatisfiable. <

Unfortunately, this re-encoding technique is not useful for worst-case graphs. For example,
in a complete bipartite graph (or biclique) K, », the maximum clique has size 2, and thus any
clique covering C of K,, ,, covers at most one edge per clique, leading to |C| = |E(Kp )| = n?,
and thus |F¢| > n?. Recall that |E(K,, ,)| = n? is the number of clauses used by the pairwise
encoding (Equation (1)), and thus no improvement is achieved. It is worth noting that clique
coverings do yield an improvement for random graphs G(n, p), using a result by Frieze and
Reed [12] (errors corrected in its arXiv version [13]) or also a stronger result of Guo, Patton,

and Warnke [14, Theorem 7].

» Proposition 6. Let p € [0,1] be a constant, and G ~ G(n,p) be a random graph on n
vertices obtained by adding each edge independently with probability p. Then, with high

probability, there exists a CC-ISP encoding for G with O (lg—i) clauses.

Proof Sketch. The proof is a direct consequence of the existence of a clique cover with at

2
most O (157
g n

) cliques, proved by Frieze and Reed [13], and improved by Guo, Patton, and

Warnke [14, Theorem 7]. Since in a G(n,p) the maximum clique size is ©(lgn) with high
probability, the result follows. <

Note that as G(n, %) corresponds to the uniform distribution on n-vertex graphs, Propo-
sition 6 implies that most graphs have CC-ISP encodings with O (1”—2) clauses.
gn

We will next see that by using biclique coverings instead of clique coverings we get a
worst-case asymptotic improvement.

2.2 Biclique Covering Encodings

For a biclique K, (complete bipartite graph with a vertices on one part and b on the other
part), the independent-set property can also be encoded efficiently. Let A and B be the
parts of K, 3. Then, introduce an auxiliary variable x4 which intuitively represents that
some vertex of A belongs to the desired independent set S. The desired formula is then

BIS(Kap) := (/\(xv v m)) A </\(9:A v m)) : (2)

vEA veB

Intuitively, the first part of the formula is saying that if some vertex v € A is selected, then
x4 will be true, and the second part enforces that x4 being true forbids any vertex in B
from being selected. Note immediately that |BIS(K, )| = a +b = |V (K,p)|, as opposed to
the direct encoding which uses |E(K,)| = a-b. As can be observed in Figure 1 (dashed
purple box), this wastes a clause when a = b = 1, so we shall assume that in this case
BIS(K7 1) will be the direct encoding. We again lift the biclique encoding to arbitrary graphs
by coverings. A biclique covering B for a graph G is simply a set of bicliques By, ..., By,
that are subgraphs of G and such that | J!", E(B;) = E(G).
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Figure 1 A biclique covering of a bipartite graph with 10 vertices and 17 edges, resulting in a
formula with 15 clauses.

» Proposition 7. Let B = {By,..., By} be a biclique covering of a graph G, and S < V(QG)
some set of vertices. Then, S is an independent set of G if and only if for every 1 <1i < m,
S NV (B;) is an independent set of B;.

Proof. Suppose first that S is an independent set of G. Then trivially S n V(B;) is also
an independent set of G for every 1 < ¢ < m, and as each B; is a subgraph of G, the sets
S NV (B;) are also independent sets of B;. For the opposite direction, assume that S is not
an independent set of G, and thus |e n S| = 2 for some e € E(G). Then, as e € E(B;) for
some i € {1,...,m} by definition of covering, we have e n V(B;) = e and thus

len (SnV(B))|=|enV(B;))nS|=lenS|=2,
implying S n V(B;) is not independent in B;. <
Using Proposition 7 we directly obtain the following analog to Definition 3 and Lemma 5:

» Proposition 8. Given a graph G, and a biclique covering B of G, the formula Fg :=
Npges BIS(B) is said to be a “BC-ISP” encoding for G. The formula Fg encodes the
independent-set property of G, and has size Y g g |V (B)].

The key difference now is made by a result stating that every graph admits a biclique
covering that is asymptotically smaller than just taking its set of edges.

» Theorem 9 (Erdés, Chung, and Spencer [8]). Every graph G on n vertices has a biclique
covering B with Y, p g |V(B)| = O(n?/1gn).

Combining Theorem 9 and Proposition 8 we get the main result of this section.

» Theorem 10 (Formal version of Theorem 1). For every graph G on n vertices, there is a
formula F that encodes the independent-set property of G such that |F| = O(n?/1gn).

Figure 1 illustrates a biclique covering encoding, showing a reduction in size from the direct
encoding. By avoiding the re-encoding of K 1 cliques (lime green and purple in Figure 1),
the size would go down to 13.
We can trivially extend Theorem 10 to other graph problems as we show next.
= (Vertex Cover) Since a set of vertices S € V(G) is a vertex cover if and only if V(G)\S
is an independent set, it suffices to invert the polarity of each literal =, (resp. Ty) to T,
(resp. x,) in the formula F' from Theorem 10, resulting on a formula of the same size.
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(k-Coloring) A k-coloring of a graph G is the same as a partition of V(G) into k
independent sets. Naturally, if we have variables x,, . for v € V(G) and c € {1,..., k} that
indicate assigning color ¢ to vertex v, then we simply use the conjunction of & formulas
obtained from Theorem 10, where the c-th of them is obtained by replacing each variable
Ty DY Ty e

(Clique) It suffices to use that a set of vertices S € V(G) is a clique of G if and only if
S is an independent set of the complement graph G.

We conclude this section by noting that Theorem 10, and its analog to the other graph
problems mentioned above can be made constructive by using a result of Mubayi and
Turén [26], which states that a biclique covering with the asymptotic guarantee of Theorem 9
can be computed deterministically in polynomial time.

3 Covering Frameworks

Even though the presented biclique-covering encodings are more efficient than clique-covering
encodings over worst-case graphs, this is not necessarily the case on every graph. The main
example being again K, for which we have the trivial clique covering C = {K,}, but for
which every biclique covering uses at least |lg n| many bicliques [11]. Furthermore, the trivial
clique covering results in formula with O(n) clauses, whereas any biclique covering results in
Q(nlgn) clauses.

» Proposition 11. There is a BC-ISP encoding for K, using O(nlgn) clauses, and any
BC-ISP encoding for K, uses Q(nlgn) many clauses.

Proof. Both the lower and upper bound were indirectly proven first by Katona and Sze-
merédi [21], but for completeness we present a recursive proof of the upper bound. For
the upper bound, we construct a biclique covering B recursively. First, we separate V (K,)
into two parts L and R, with |L| = [n/2] and |R| = |n/2]. Then, we add to B the biclique
K(L, R) between the vertices in L and the vertices in R, and proceed recursively on both L
and R obtaining biclique coverings By, and Bpg respectively. The total biclique covering of K,
is then given by B = K (L, R) u By, u Bg. Thus, if we let g(n) denote the number of clauses
used in an optimal BC-ISP encoding for K,, (i.e., one that minimizes ) 5 ;5 |V (B)]), we have
g(n) <n+g(|[n/2]) + g([n/2]) < n + 2g(n/2]), from where it follows that g(n) = O(nlgn).

<

3.1 Bounded Variable Addition

Interestingly, it is possible to do better for K,, by using a slight generalization of biclique
coverings, as the Bounded Variable Addition (BVA) [23] preprocessing technique does. Let us
explain first how BVA operates, which requires the following definition adapted from [15].

» Definition 12 (Grid product). Given a clause L, and set of clauses T', the “grid product”
of L and I is the set of clauses L wa I' :=Jpep, U er v v {6}

BVA works by iteratively identifying subsets of a formula F' that can be expressed as a
grid product L < T' (note that this does not require L € F nor I' € F.), and introducing a new
auxiliary variable y which allows replacing L »a I' by the clauses /\,cp (T v €) A A\ cr(y v 7).
Naturally, resolving on the new variable y yields the replaced set of clauses, and thus the
new formula is equisatisfiable to the original one.
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» Example 13. Let L = (z1 vag) and T = {(pv q), (¢vr), (VT v{)}, then the corresponding
grid product is

LT ={(z1vpvyq),(xivgvr),(x1vDvTVvq),(zavpvq),(xavgvr),(zavpVvTvag)}

The new variable y can be used to replace this set of clauses by the following ones:
Gva)ar@va)alyvpv o rlyvgvr)a(yvpvrva).

» Definition 14. Given a formula F', and a subset of F' that can be expressed as a grid product

L =T, we say that the formula F' := F\(L = T) A Ny, (T v €) A N er(y v ) is obtainable

from F by BVA, which we denote by F B, pr. If there is a sequence of formulas F, ..., Fy

such that F B4 F BvA,  BA
and write F 25 Fy,.

Fy., we say that Fy is a potential BVA re-encoding of F

Note that in the case of " being a set of unit clauses, this matches Equation (2), from
where we immediately have the following result:

» Proposition 15. For every graph G on n wertices, there is a formula F such that
Nuterc) (@u v To) L F and |F| = O(n?/1gn).

An important difference between BVA and covering re-encodings is that the new variables
created by BVA can also be part of the identified grid products, whereas the (bi)clique
covering encodings only use the original set of variables. We will show that this difference is
enough to obtain a linear encoding for the independent-set property of K, and thus showing
that BVA reencodes pairwise cardinality constraints into a linear number of clauses. While
this was already observed without proof in the original BVA paper of Manthey, Heule, and

Biere [23], we remark that the authors have declared that their results were only empirical [5].

We now provide a formal proof, noting that it applies to an idealized version of BVA, as
opposed to its actual implementation, which is more subtle.

BVA

» Proposition 16. There is a formula F with |F| = O(n) such that AMO(z1, ..., 2,) ~~> F.

Proof. We prove that for n > 3, there is such an F' with |F| = 3n — 6. The proof is by
induction on n. For n = 3 and n = 4, we simply take F' := AMO(zy,...,x,), which has
size (g) =3=3-3—-6 and (3) =6 = 3 -4 — 6 respectively. For n > 5, consider first
the grid product {z1,x9,z3} > {x4,x5,...,2,}, which is clearly in AMO(zy,...,2,). The
replacement of this grid product by BVA can be split into the following sets of clauses:

1. The clauses (T1 v T3), (T1 v T3), and (T3 v T3), unaltered by the replacement.

2. The clauses (7 v ¢) for ¢ € {71, T3, T3}.

3. The clauses (y v ) for v € {Tq,T5,...,Tn}-

4. The clauses (T; v 7;) for 4 < i < j < n, also unaltered by the replacement.

There are only 6 clauses of types (1) and (2), and for the clauses of types (3) and (4), the
key observation is that they correspond exactly to the formula AMO(¥, x4, . . ., , ), which by
the induction hypothesis admits a BVA re-encoding F’ of size 3(n — 2) — 6. Thus, denoting
by S the set of clauses of types (1) and (2), we have

AMO(z1, ..., 2n) 22 S U AMO(F, 24, . . ., &)~ S U F,

and |[SU F'| =6+ 3(n—2) —6 =3n— 6, as desired. <
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3.2 A Lower Bound for the Independent-Set Property

We now turn our attention to whether BVA, or some other re-encoding technique, could
yield an asymptotic improvement over Theorem 10. While we do not manage to answer
this question in full generality, we show that if we restrict ourselves to 2-CNF formulas (as
the ones obtained by BVA, or the covering encodings), then we can prove a matching lower
bound of (n?/1gn), using a similar argument to Jukna [20, Theorem 1.7]. In fact our results
holds for k-CNF (at most k literals per clause) for any fixed k.

» Proposition 17. Fiz an integer k = 2. Then, for any sufficiently large n, there is a graph
G,, on n vertices such that any k-CNF formula encoding the independent-set property of G,
has size Q(n?/lgn).

Proof Sketch. There are 2(5) many distinct n-vertex graphs, and we will prove first that each
of them requires a different formula to encode its independent-set property. Assume, expecting
a contradiction, that some formula F' encodes the independent-set property for two distinct
n-vertex graphs G and G’. Then, take an edge {u, v} that is in G but not in G’ (without loss

{T if w e {u,v},

of generality), and consider the assignment 7 defined by 7(x,,) = Then,

1 otherwise.
according to Definition 3, since F' encodes the independent-set property for G we have that
F, is satisfiable iff {u, v} is an independent set in G, which is not the case since {u,v} € E(G),
thus making F.. unsatisfiable. However, since F' also encodes the independent-set property
for G, we conclude that F, is satisfiable, which is a contradiction. Now, we fix without
loss of generality the set of variables for the k-CNF formulas encoding the independent-set
property to be {1,...,Zn,y1,...,Yr}, where r is the maximum number of auxiliary variables
used in any of the formulas. Consider now that there are 2" (T) many possible r-ary clauses
from a set of m variables (since each of the k literals can have two polarities), and thus, the
number of k-CNF formulas with ¢ clauses is at most

(520 < (3) < ()

where the last inequality assumes without loss of generality that the formulas do not contain
pure literals (which can be simply removed), and thus the number of variables m is at most
the number of clauses t. As we proved that each different graph needs a different formula,
we have that

() 720 = u(er() )

—t-lg(t) = c-n? = t=c-n?/lg(t). (for some constant ¢ > 0)

But unless ¢t = Q(n?), in which case we can directly conclude the result, we have that
lg(t) < 21g(n), and thus we conclude that t = Q(n?/1gn).

4 Disjoint Intervals

We now study the independent-set property over a class of graphs that is relevant for a
variety of scheduling-related problems: interval graphs.

» Definition 18. For any n = 2, we define the full and discrete interval graph T, as the
graph whose vertices are all the intervals [i, j| for integers 1 < i < j < n, and there are edges
between any two intervals that intersect.
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e (1, 2]
. " - " — 1
1 2 3 4 5
(a) Interval representation of Zs. (b) Graph representation of Zs.

Figure 2 Illustration of the interval graph Zs in two different representations, where the only two
independent sets of size larger than 1 are depicted, one in red and one in cyan.

An example is illustrated in Figure 2. Naturally, the independent sets of Z,, correspond
to sets of intervals that do not intersect, and thus for which tasks with competing resources
can be all scheduled. Note that Z,, has Q(n?) edges, as for each subset {i,j,k, ¢} < {1,...,n}
with ¢ < j < k < ¢ we have an edge between vertices [i, k] and [j,¢]. Therefore, a direct
encoding of the independent-set property is very large even for small values of n. We will
prove that this can be drastically improved to O(n?lgn), but first we analyze how well clique
coverings do for this family of graphs.

» Proposition 19. There is a CC-ISP encoding for I,, using O(n?) clauses, and no CC-ISP
encoding can be asymptotically more compact.

Proof. First, we note that for every k € {2,...,n — 1}, all the intervals [4, j] € V(Z,) with
i < k < j intersect, thus forming a clique that we denote K. Then, observe that the
collection of cliques K, for 2 < k < n — 1, is a clique covering of Z,,. Indeed, any edge
e = ([4, 4], [a, b]) must either have a < j < b, in which case e is covered by K~;,ori < a < j,in
which case e is covered by K,. Each clique K ~; has O(n?) vertices (there are O(n?) vertices
in the entire Z,,), and we thus this clique covering results in 37—y |AMOpg(V (K1))| = O(n?)
many clauses. For the lower bound, consider an arbitrary clique covering C of Z,,. Then,
observe that each interval = := [i, j] is adjacent to all the intervals [i + 2¢,i + 2t + 1] for
te{0,...,|(j—i—1)/2]}. Moreover, all these intervals [i + 2t, 4+ 2t + 1] are pairwise disjoint,
which implies that for each ¢, the edge {x,[i + 2¢,7 + 2t + 1]} must be covered by a different
clique Cy € C. Thus, we have that [{CeC:2eC} = |(j—i—1)/2]+ 1= (j —i)/3. We can

now conclude since

2 IAMOpe(C) = 3 [Cl = >, [{CeCiweCl =), 3 (-3

CeC CeC zeV (L) 1=1j=i+1

from where the change of variables d := j — ¢ yields

n n n—i n n/2]
> Z(j—i)/z>,=22d/3>1 > Edzl[n/z].wzg(nB).<
i=1j=i+1 i=1d=1 3 i=|n/2] d=1 3 2
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4.1 The Interval Propagation Trick

The proof of Theorem 2, the main result of this section, is quite technical, and it is worth
isolating one of its ingredients which might be of independent interest. Consider the following
encoding problem:

We have variables x; ;, representing that an interval [i,j] is “selected”, for 1 <i < j < n,
and also variables ty, for 1 < £ < n, whose intended semantics are that ty is true if and only
if the index € is contained in some selected interval. The problem is how to efficiently encode
this relationship between the x; ; and ty variables, without enforcing any other conditions on

etther the x- or t-variables.

For example, if x5 4 and 7,9 are the only z-variables assigned to T, then {t2,s,t4,t7,%s,t9}
should be assigned to T, and every other ¢, variable to L. The fact that ¢, implies that some
interval containing ¢ is selected is trivial to encode, by just adding the O(n) following clauses:

ty v \/ i j, Vi< /i< n.
[i.51=2{¢}

The other direction admits a nice trick. The naive way of encoding the implication from
the z-variables toward the t-variables is to simply add clauses of the form (Z;; v t,), for
every 1 <4 < j <n and every i < { < j, which amounts to ;) 37 ;. (j — i) = Q(n?)
many clauses, by the same analysis of the sum used in the proof of Proposition 19. It turns
out, however, that we can achieve this with O(n?) many clauses, using what we denote the
“interval propagation trick”. First, we create variables z; ; for each 1 < ¢ < j <n, and then
add the following clauses:
1. 75 vz, forevery 1 <i<j<n.
2. (Ziiza v t;) and (Zi41 Vv tip1), for every 1 < i < n.
3. (Zij Vv zit1,) and (Zij v 2 j-1), forevery 1 <i < j—1<n.
4. (Zij v i V zi—1,j V Zij+41), for every 1 < i < j < n, and removing the non-sensical

literal z;_1 ; when ¢ = 1, and z; j41 when j = n.

To formalize correctness, let us denote by NIP,, the formula resulting from the aforemen-
tioned clauses in the naive encoding (i.e., of the forms &, v \/[; ;15 @i and (Tij v te)),
and IPT,, the formula resulting from the clauses of the form %, v \/[i’ 1210 Tig together with
the clauses of types (1-4) above. Note that [IPT,,| < 6n? = O(n?), and let us now state the
desired form of “equivalence” between these formulations.

» Proposition 20. Let 7 : var(NIP,) — {1, T} and assignment. Then, we have that
T = NIP, < SAT(IPT,|,),

and moreover, any satisfying assignment 0 for IPT, |, must assign 0(zqp) = T if and only if
there is some [i,j] such that T(z; ;) = T and [a,b] < [4, j]

The proof of Proposition 20 is a rather tedious induction, and thus we defer it to Ap-
pendix A.

4.2 Better Encodings for 7,

Our next result, which uses only O(n?lgn) many clauses, requires a more careful encoding,
which starts by decomposing [1,n] into blocks of size at most b, which we do by assigning to
each position 1 < ¢ < n a block number B(3) := [i/b]. For now we will keep b as a parameter,
and denote by k := [n/b] the number of blocks. We can characterize the different edges of
I, in terms of the blocks of their vertices, as the following lemma states.
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Figure 3 Tllustration of Lemma 21. The type of each edge is indicated by its label, and blocks
are separated by dashed blue lines.

» Lemma 21. Fach edge e := {[i1, 1], [i2, j2]} € E(Z,) with iy < iy must be part of exactly

one of the following cases:

B(i1) = B(iz) and B(j1) = B(j2), and is < j1, in which case we say e is an x-edge.
B(i1) < B(iz) < B(j1), in which case we say e is a y-edge.

B(i1) = B(iz) and iz < j1, but B(j1) # B(j2), in which case we say e is an s-edge.

B(i1) < B(i2) = B(j1) = B(j2) and iz < j1, in which case we say e is an f-edge.

B(i1) < B(ia) = B(j1) # B(j2), and ia < j1, in which case we say e is an m-edge.

Moreover, any tuple (i1, ji1,12,j2) with i1 < is that satisfies one of these cases implies

{[i1, 1], [i2, 521} € E(Zy).

An illustration of Lemma 21 is provided in Figure 3, and the proof is just case analysis
and thus deferred to Appendix B.

5-"'.‘>€"*’!\’!'l

» Theorem 22. The independent-set property of I,, can be encoded using at most 26n?1gn
clauses.

Proof. We will prove a slightly stronger statement in order to have a stronger inductive
hypothesis. Let Z0 be the graph whose vertices are all the intervals [i,j] for integers
1 <4 < j < n, but now with edges only between intervals whose intersection has cardinality
at least 2. That is, {[1,3],[3,5]} is not an edge in ZY, but it is in Z5. The proof is by (strong)

induction on n > 2. The base case n = 2 is trivial since we can use the direct encoding then.

In fact, it is easy to see that the direct encoding uses at most 3(2) = %4 clauses, and one

can computationally check that for n < 32, < 26n2lgn, and thus the direct encoding is
enough for the result. We thus assume n > 32 from now on. We now focus on the inductive
case, where we will generally assume that we are encoding the independent-set property
for Z,, but indicate whenever a slight change is needed for Z?, since the two cases are
almost identical. The encoding will consider each of the four types of edges from Lemma 21
separately. The base variables are z; ; (for 1 < i < j < n), representing that the interval
[4,7] is part of the independent set.

(z-edges) Consider a fixed choice of B(i1) = B(iz) = £ and B(j1) = B(j2) = r, and note
that there will be k2 such choices, since there are k blocks in total. If ¢ = r, then it is
easy to see that the z-edges whose endpoints are in block ¢ form a graph isomorphic to Z
(resp. Z7), and thus by inductive hypothesis they can be encoded using at most 26b% g b
clauses. If £ < r, then we consider the graph Gy, formed by the z-edges whose endpoints
are in blocks £ and r, even if they are both in £ or both in r. This time G, is isomorphic
to Zop, (resp. Z9,), and thus by the inductive hypothesis all these xz-edges can be encoded

using at most 26(2b)? 1g(2b) = 104b%1gb + 104 clauses. As there are k? choices for ¢, r,

we can encode all the z-edges of Z,, using at most k? - (1046 Igb + 104) clauses.

23:11
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(y-edges) We create, for each pair of block-indices 1 < ¢ < r < k, an auxiliary variable
ye,r that represents that there is some interval [7,j] in the independent set such that
B(i) = £ and B(j) = r. To enforce these semantics, we add clauses

Tij VYBG),B(G), Y1<i<j<mn, 3)

Yor Vv \ i |, vise<r<k (4)
4,j:B(i)=(,B(j)=r

The key observation now is that the graph G, whose vertices are the y, ,. variables and has
edges between variables y¢, ., Yr, r, Whenever £1 < {5 < rq, is isomorphic to Zy. Therefore,
by the inductive hypothesis, we can encode all the y-edges using (72’) + (g) + 26k2 g k
many clauses.

(s-edges) We create, for each block-index 2 < r < k, and position ¢ such that B(i) < r, an
auxiliary variable s;, that represents that there is some interval [4, j] in the independent
set such that B(j) = r. We encode these semantics using clauses (77 ; v s; p(;)) and
Gir v Vst B(j)=r Ti,j), Which amount to at most 2n? clauses. Then, we add clauses

Siv,r1 v Sig,re Vi1 < 19, s.t. B(Zl) = B(ig),Vrl > B(il)ﬂ"g > B(Zl) with 71 # ro. (5)

There are at most b2- k3 clauses from Equation (5), since we need to choose B(i1), 71,72, for
which there are k3 possibilities, and then b2 possibilities for iy, o such that B(iy) = B(iz).
Unfortunately, this is not enough to encode all s-edges, since Equation (5) misses the cases
where one of the two intervals is entirely contained in one block, so either B(i1) = B(j1)
or B(iz) = B(j2). The naive solution would be to add the following clauses:

Tiy g, V Sipr, V1 <y <idp <n,Vj >iy st B(in) = B(j1) = B(iz), Vr > B(ia),
(6)
Tiy,jo V Siq,rs V1 <11 <ig < n,Vjo > iy s.t. B(’Ll) = B(’Lg) = B(jg),vr > B(’Ll)

(7)

Equation (6) uses at most b - k? clauses, since we need to choose B(i1) = B(j1) = B(ia)
and 7, and for each such choice there are at most b3 possibilities for iy, i, j; within the
same block. Analogously, Equation (7) also incurs in at most b3 - k2 clauses. However,
it will turn out that b3 - k2 clauses would be too large, since we will end up setting
k = O(Ign), and thus we need a slightly better way to encode Equations (6) and (7).
The solution is to use the “interval propagation trick” from Section 4.1 independently in
each block of index 1 < d < k, thanks to which we can assume variables tg that represent
whether some z; ; with lin[i, j] is true with B(¢) = B(i) = B(j) = d using at most 6b*
clauses. In total over the k blocks this incurs in at most 6b% - k clauses. Now, wen can
replace Equations (6) and (7) by

89 Vs, vi<i<e<n, st B(0) = B(i),vr > B(i). ®

Equation (8) only requires k - b> many clauses, since there are at most k choices for r,
and b? for i, £. We thus cover all s-edges using a total of 2n% + b%k3 + 7b%k clauses.
(f-edges) This case is fully symmetrical to the s-edges, this time using variables f; ; that
represent the presence of some interval [z, j] in the independent set such that B(i) = £.
We add the symmetrical clauses, e.g., the symmetrical of Equation (5) is

ff17j1 Vfg%jz, V1l < J1,J2 < n, s.t. B(j1) = B(jg),Vél < B(jl),gz < B(]l) with ¢; # {5.
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and similarly with the symmetrical of Equation (8). A minor saving is that we do not
need to pay any extra clauses for having the variables t;ﬂ and therefore the combination
of this case with the s-edges incurs in a total of 4n? + 2b%k® + 8b%k clauses.

(m~edges) In this case we are dealing with intervals [i1, j1] and [42, j2] such that B(j;) =

B(ia), which we call d := B(j1), and the other two endpoints not being in the block d.

We can cover these by using both our s and f variables. Indeed, it suffices to add clauses
ff,jl V Sig,rs V1 < ig < jl < n s.t. B(]l) = B('LQ),VK < B(jl),V’f’ > B(’LQ), (9)

which amounts to at most b?k3 clauses, since we have to choose ¢,r, B(j1), for which
there are k% options, and conditioned on B(j;) there are at most b? choices for jy, io.

Adding the total number of clauses over all types, we get a total of
k
k(104b%1gb + 104) + (Z) + (2> + 26k 1g k + 4n® + 20%k3 + 8b%k + b2 K>

clauses. Using n = kb, this is at most 104nblg b+ 104k +4.5n? +0.5k2 + 26k 1g k -+ 3n%k +8nb,
and then taking k = |lgn| and b = n/|lgn|, this is at most

1 51g*(n) gl
3n%lgn+n? (108.5+ gn+85lg (n)lglsn + 8) < 3n?lgn+109.5n2, (since n > 32)

n? Ign

but as n > 32, we have Ign > 5, and thus 109.5n2 < 22n? 1g n, from where 3n?1gn-+109.5n2 <
25n2Ign, and thus we conclude our result. <

4.3 Applications to Scheduling Problems

We consider the non-preemptive schedulability question treated by Mayak and Mondal [25],
where there are N tasks, the i-th of which has an integer duration d; and must be both
started and finished in the interval [r;, e;], with 1 < r; < e; < T, and moreover, there are M
machines which can do tasks in parallel. They present several SAT encodings, all of which
use Q(NMT?) clauses [25, Table 2]. Theorem 22 allows us to do better:

» Theorem 23 (Informal). The non-preemptive schedulability problem can be encoded using
O(NMT + MT?1gT) clauses.

Proof. Create variables x; ¢, that represents that task 7 is assigned to start in machine m
at time ¢, and auxiliary variables vy, ¢, +, that represent that there is some task assigned to
machine m for exactly the interval [t1,%5]. The semantics of the y-variables are encoded by
clauses

Tit,m vV Ym,t,t+d;s Vie [17 N]7t € [’I"i, 61'], me [17 M]a

using O(NMT) clauses. We partition the tasks according to their duration, with Dy = {i :
d; = t}, so that we can enforce AMOpg ({; 1/ .m : @ € D}), for each ¢’ € [1,T],t € [1,T — t']
and m € [1, M], which uses

i >, O(D)-M<MT-O( > |Dyf|=O(NMT)

t'=1te[1,T—¢'] te[1,T—t]
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many clauses. Then, for each index i, we enforce that task 7 is done at some point, in some
machine, with O(N) clauses:

\/ Lit,m;s Vie [17 N],

me[1,M]
te[r;,e;i—d;]
We then use, independently for each m, the encoding of Theorem 22 to encode that the
variables Ym, i, t, assigned to true make for disjoint intervals. This results in O(NMT +
MT?1gT) clauses. Correctness follows from the facts (i) we explicitly enforce that each task
is done at some point, in some machine, and respecting its time constraints, (ii) the AMOpg
constraints ensure that no two tasks are assigned to the same machine during the same time
interval, and (iii) the disjoint intervals encoding on the v, ¢, ¢, variables ensures that no
machine is used for two overlapping time intervals. that by the AMOpg constraints we are
forbidding different “«

When N and M are O(T), Theorem 23 reesults in O(T31gT) clauses, as opposed to the
Q(T*) clauses of Mayak and Mondal [25]. It is worth noting that, as done for example
by Marié¢ [24], an alternative option would be to add for each time ¢, and machine m, a
constraint

AMOPE({xi7t’,m S [N],t/ € [t — di,t]}),

however {x; 4 m 11 € [N],¢' € [t — d;, ]} is a set of size Q(NT), and thus this would result in
Q(NMT?) clauses.

5 Discussion and Future Work

We have proposed a theoretical framework that will hopefully be helpful in the quest for
understanding the limits of CNF encodings. To do so, we considered “covering encodings”,
based on covering the graph of incompatible pairs of literals with either cliques or bicliques,
leading to different encodings. We showed how both clique coverings and biclique coverings
have different advantages, where clique coverings are more efficient in the complete graph
but biclique coverings are more efficient in the worst-case (Theorem 10). This difference is
essentially surmounted for random Erdés-Renyi graphs (Proposition 6). Moreover, it is worth
noting that clique coverings are also very efficient when the graph is “very close to being
complete”, meaning that every vertex has degree at least n — O(1), as in this case a nice
result of Alon [1] gives a covering with O(Ign) cliques and thus an encoding with O(nlgn)
clauses. We have shown a modest lower bound in Proposition 17, which only applies to
encodings using constant-width clauses. Extending this to general encodings is an interesting
direction for future work. Even though our study here has been theoretical in nature, I have
implemented clique-covering and biclique-covering algorithms. In particular, I tested the
algorithm of Mubayi and Turdn [26] for biclique coverings with the guarantee of Theorem 9,
however, the algorithm was designed to prove its asymptotic quality and gives poor results
for small n. Therefore, a natural next step is to design a more practically efficient algorithm
to find good biclique coverings. For clique coverings, I tested both using the greedy approach
of selecting the maximum clique at a time (for which I used the Cliquer tool [28]), and
the specific clique-covering tool from Conte, Grossi and Marino [9]. The resulting quality
of the coverings was not too different, but the latter algorithm was orders of magnitude
faster for formulas with ~ 1000 variables. A more thorough experimental evaluation is in
order, especially considering the several more modern maximum clique algorithms, with their
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different trade-offs [35]. In terms of related work to our covering ideas, besides its nearest
neighbor being the works of Rintanen [30] and Ignatiev, Morgado, and Marques-Silva [19],
we highlight that Jukna provides an in-depth treatment of the relationship between biclique

coverings and the complexity of formulas representing graphs (especially bipartite graphs) [20].

Rintanen seems to be the earliest occurrence of the clique/biclique covering idea, although
it is worth noting that his work explicitly states that his biclique representation still yields
Q(n?) clauses for graphs of n vertices [30, Section 6].

We have also studied how our framework applies to the case of complete interval graphs
which are useful for encoding planning and scheduling problems. In fact, the primitive of
encoding disjoint intervals seems to be useful in diverse contexts: a prior version of our
encoding, that uses O(n®?) = O(n?%66-) clauses, was successfully used to improve an O(n*)
encoding for Straight Line Programs (SLPs) from Bannai et al. [3], where a slight variant of
the disjoint-intervals property was the bottleneck, and the improved encoding led to a total
of O(n?) clauses, making a different constraint the bottleneck. The improved SLP encoding
incorporating our ideas is currently under review [4]. To obtain O(n®?) clauses, the encoding
is essentially the same as the one in Theorem 22, but except of proceding recursively for the
r-edges and the y-edges, we encode those directly. This leads to O(k?b*) for the x-edges,
since for any pair of blocks ¢, (of which there are k2), we forbid the a-edges between intervals
[i,7] and [i’,j'] such that B(i) = B(i') = £ and B(j) = B(j') = r, and there are at most b*
choices for 1, 7,4, j' conditioned on their blocks being £ and r. For the y-edges, this leads to
O(k*) clauses, since we need to forbid the y-edges between pairs of blocks that guarantee
an interval overlap. Therefore, the total number of clauses is O(k?b* + k* + n? + k3b?), for

2/3 1/3

which a simple calculus argument shows that the optimal choice is £k = n“/° and b = n"/°,

leading to the number of clauses being
(’)(n4/3n4/3 +n83 1 n?+ n6/3n2/3) = O(n8/3 +n®3 4 n? 4+ n8/3) = (’)(ns/?’).

The difference between the O(n®?) encoding and the result in Theorem 22 is the use of
recursion. Indeed, the O(n®?) encoding can be formulated as a carefully crafted biclique
covering, making for another example of the difference between BVA-style encodings, which
allow for covering auxiliary variables, and encodings that only cover the base variables.
Running BVA on top of the O(n®?) encoding led to smaller encodings that either of them
alone, reenforcing the idea that BVA can operate recursively on top of an initial covering
(see Table 1 in Appendix C). Experimental results for the SLP problem of Bannai et al. [3]
are presented in Table 2 (Appendix C).

The recursion of blocks in Theorem 22 has a nice interpretation for scheduling: if one
were to schedule events on e.g., a calendar year, starting on day d; and ending on day ds, it
would be convenient to first catalogue the events based on their starting and ending month:
anything starting in January and ending in May is incompatible with anything starting in
March and ending in September. Then, for more granularity, the same technique decomposes
months into weeks, and so on. The concrete decomposition in Theorem 22 used lgn blocks
in the first recursive step, which would be 1g 365 ~ 8.5 blocks for a calendar year, on the
order of magnitude of months. On the other hand, the decomposition for the O(n®?3) version,
where only one level of recursion is used, takes k = n%?, which would be roughly 365%3 ~ 51
for a calendar year, so basically the number of weeks. Studying the practical applicability of
our encoding for scheduling problems is an interesting direction for future work.

Finally, we note that our ideas can be readily applied to Integer Linear Programming
formulations, and hopefully to other forms of constraint programming too.
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A Proof of Proposition 20

» Proposition 20. Let 7 : var(NIP,) — {1, T} and assignment. Then, we have that
7= NIP, « SAT(IPT,|),

and moreover, any satisfying assignment 0 for IPT, |, must assign 0(zqp) = T if and only if
there is some [i,j] such that 7(z; ;) = T and [a,b] < [4, j]

Proof. For the ( = ) direction, we assume that 7 = NIP,,, and the build the assignment
0 :var(IPT,|;) — {1, T} as described in the statement of the proposition: 6(z,;) = T if and
only if there is some [4, j] such that 7(z; ;) = T and [a,b] < [4,j]. Then the clauses (1-4)
can be easily checked to be satisfied by 6. For the ( <) direction, we assume a satisfying
assignment 6 for IPT,|, and assume expecting a contradiction that 7 ¥ NIP,,. Since IPT,|,
is satisfiable, and IPT,, contained the clauses t; v \/[i7 f1o(e) Tij whose variables were assigned
by 7, the only possibility is that 7 ¥ (Z;; v t,) for some 1 < i < j <n and £ € [i,5]. Thus,
we have that 7(x; ;) = T and 7(¢,) = L. But by the clauses of type (1), 7(z; ;) = T implies
0(zi ;) = T, so it suffices to prove that 6(z; ;) = T contradicts 7(t;) = L. We do this by
showing that 6(z; ;) = T implies 7(t;) = T, for any ¢ € [4, j]. The proof is by induction over
d:=j—i.If d =1, then the clauses of type (2) directly give us 7(t;) = T, and if d > 1, the
clauses of type (3) give us that 6(z;41,;) = T and 6(z; ;—1) = T, and as £ belongs to either
[i +1,4] or [i,7 — 1], we conclude by the inductive hypothesis.

Let us now show that no other § works. Indeed, we first prove that 7(x; ;) = T implies
that 6(z.) = T for every [a,b] < [4, ], by induction on d := (a — i) + (j —b). If d = 0,
then a = i and j = b, so by the clause of type (1) we are done. Otherwise, we need to
prove that the statement for d implies the case for d + 1 for any d < j — i — 1 (since
j — 4 —1 is the maximum possible value of d). We assume 7(x;;) = T and note that
by the inductive hypothesis this implies 6(z,5) = T for any 1 < a < b < n such that
(a — i)+ (j — b) = d. Then, any interval [a/,b'] € [4, 5] with (¢’ — i) + (j — V') = d + 1 must
be of the form [a + 1,b] or [a,b — 1] with (a — i) + (j — b) = d, and as by the clauses of
type (3) we have 0(z441) = T and 6(zq5—1) = T, we are done. On the other hand, assume
that 6(z.p) = T for some pair 1 < a < b < n, and let us show that 7(z; ;) = T for some
[¢,7] 2 [a,b]. This time the induction is over d := n — (b — a), with the base case d = 1
implying that a = 1,b = n, from where (4) directly yields z1, — %1, which proves the
base case. For the inductive case, note that a clause of type (4) guarantees that either
T(xqp) = T, in which case we are done, or that either 6(z,—1,) = T or 6(z4,p+1) hold. But
n—((b-(a—1)=n—(b+1—a)=d—1, and thus by inductive hypothesis we have that
T(x;,;) = T for some [4, j] such that [, j] © [a —1,b] o [a,b] or [i,5] 2 [a,b+1] D [a,b]. «

B Proof of Lemma 21

» Lemma 21. Fach edge e := {[i1, 1], [i2, j2]} € E(Z,) with iy < iy must be part of exactly
one of the following cases:
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< B(j1), in which case we say e is a y-edge.

~

ig)

Blia) and iz < j1, but B(j1) # B(j2), in which case we say e is an s-edge.
B(iz) = B(j1) = B(j2) and is < j1, in which case we say e is an f-edge.

B(i1) < B(iz) = B(j1) # B(j2), and iz

Moreover, any

{li1, 1], [i2, J2]

LAl o Al
Sy

< j1, in which case we say e is an m-edge.
tuple (i1,j1,12,j2) with i1 < io that satisfies one of these cases implies

} e E(Z,).

Proof. First, observe that in all cases we are assuming i; < 75, and thus as all cases except
(2) explicitly require i < jq, they all imply the intersection of the intervals [i1, j1] and [iq, ja]
is non-empty. For case (2), note that B(iz) < B(j1) implies is < ji, which together with

i1 < ip implies again that the intersection of the intervals [i1, j1] and [i2, j2] is non-empty.

Thus, all cases correspond to actual edges in the graph Z,,. To see exhaustiveness, we present
in Figure 4 a decision tree that cases on the relationships between the blocks. <

Furthermore, as a sanity check, we present in Code 1 a Python script that validates the
correctness for some finite values.

Code 1 Code to validate Lemma 21.

def B(i, b):
# ceil(i/b) can be written as (i + b - 1)//b
return (i + b - 1) // b

def classify(il, j1, i2, j2, b):
"""Return which case (1,2,3,4) the edge {[il1,j1],[i2,3j2]} belongs to."""
bil, bi2 = B(il1,b), B(i2,b)
bj1, bj2 = B(j1,b), B(j2,b)

# the five predicates from the lemma

is_x = (bil == bi2) and (bjl == b3j2)
is_y = (bil < bi2) and (bi2 < bjl)
is_s = (bil == bi2) and (bjl != bj2)
is_f = (bil < bi2) and (bjl == bj2) and (bi2 == bj1)
is_m = (bil < bi2) and (bi2 == bjl) and (bjl != bj2)
flags = [is_x, is_y, is_s, is_f , is_m]
if sum(flags) < 1:
# either none or more than one case matched
return flags
return flags.index(True) + 1 # return 1,2,3,4, or 5.

def check_lemma(n, b):
bad = []
for i1 in range(1, n+l):
for i2 in range(il, n+1):
for j1 in range(il+l, n+1):
for j2 in range(i2+1, n+l):
# only look at intersecting intervals
if i2 <= j1:
cls = classify(i1l, j1, i2, j2, b)
if cls is None or type(cls) is not int:
bad.append((il,j1,i2,32))
if bad:
print("Found unclassified or multiply-classified edges:")
for quad in bad:
print(quad,

"-> (blocks)", [B(q, b) for g in quad])

(n={n},b={b})")

else:
print (£"All edges classified correctly!

56, block size of 10.
b=10)

if __name__ == "__main
# Example for n =

check_lemma(n=50,

# Example without
check_lemma(n=50,

exact divisibility
b=8)
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B(Zl) V.S. B(lg)

= - -
\
|B(j1) v.s. B(j2)| |B(i2) v.s. B(j1)| [ Contradicts i1 < i
-/, / _ >
VL \
|:c—edge| |s—edge| |y—edge| |B(]1) v.s. B(j2) | |Contrad1cts 12 < J1

o i

Figure 4 A decision tree for the cases of Lemma 21.

C Application to String Compression with SLPs

Note that in the problem of Bannai et al. [3], the intervals can overlap if one is strictly
contained in the other. This can be achieved by minor modifications in the indices of our
constraints, without any new conceptual ideas.

We display some preliminary experimental results in Table 2, where we show the usage
of the O(n®/?) encoding for disjoint intervals in replacement of constraint 8 of the SLP
encoding of Bannai et al. [3]. Our experiments are over families of string that make
standard examples for string compression, and their descriptions can be found in the
paper of Bannai et al. [3], and the concrete strings are publicly available in their repository:
https://github.com/kg86/satcomp. Perhaps the most striking example is that of Fibonacci
binary strings, defined recursively as Fy = 0, F; = 1, and F,, = F,,_1 F,,_2 (concatenation)
for n > 2, where as shown in Table 2, the improved encoding reduces the number of clauses
from 118 millions to 12 millions (fib12.txt). Generally speaking, the impact of the encoding
for the disjoint (or strictly contained) intervals is not always as large as the asymptotics
suggest, since the constraint in the encoding from [3, Equation (8)] are only applied based
on a condition that depends on the repetitiveness of the input string. The impact of the
encoding is thus maximal for strings of the form a”, for some symbol a. These strings are
interesting from a theoretical point of view, since the complexity of the smallest SLP (which
is NP-hard to compute over arbitrary strings) is not known [18].

Table 1 Comparison of encoding methods for the independent-set property of Z,,. We use the
acronym ‘bd’ for the O(ng/ 3) encoding, standing for “block decomposition”.

naive bva bd bd+bva

n vars clauses vars clauses vars clauses vars clauses

10 55 330 82 143 130 196 132 194
20 210 5,985 402 862 398 984 430 801
30 465 31,465 1,015 2,499 850 2,714 952 1,893
40 820 101,270 1,935 4,996 1,315 5,774 1,687 3,095
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Table 2 Comparison of encodings for smallest SLPs

23:21

Base Encoding

Base + O(n®?) disjoint intervals

File |T|

Time (s) Clauses Vars Time (s) Clauses Vars
fib6.txt 21 0.15 3,754 494 0.25 3,808 719
fib7.txt 34 0.93 16,764 1,513 1.39 14,465 1,987
fib8.txt 55 3.67 84,554 4,716 3.88 52,746 5,716
fib9.txt 89 5.14 472,269 14,604 5.17 203,392 16,683
fib10.txt 144 6.97 2,849,938 44,848 6.57 798,982 49,430
fib11.txt 233 33.16 18,101,282 135,859 20.53 3,119,598 145,687
fib12.txt 377 214.92 118,647,206 406,448 32.45 12,363,254 428,235
thue_morse5.txt 32 0.40 9,562 948 0.70 11,199 1,398
thue morse6.txt 64 3.48 73,015 4,339 4.83 71,349 5,563
thue morseT7.txt 128 8.15 656,099 19,933 8.18 532,394 23,740
thue morse8.txt 256 12.60 6,977,803 90,647 11.61 3,825,669 102,260
period__doubling5.txt 32 0.49 11,682 1,135 0.79 11,962 1,585
period doubling6.txt 64 4.36 109,928 5,586 4.80 75,780 6,810
period_doubling7.txt 128 7.60 1,281,958 27,219 7.31 557,642 31,026
period_doubling8.txt 256 28.23 17,372,984 130,050 12.41 3,951,407 141,663
paperfold4.txt 32 0.23 9,078 880 0.55 10,869 1,330
paperfold5.txt 64 1.66 67,650 3,924 3.71 69,736 5,148
paperfold6.txt 128 6.14 598,774 17,613 8.22 523,842 21,420
paperfold7.txt 256 14.17 6,280,334 78,705 12.92 3,782,468 90,318
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